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Imagine an electron colliding with a positron in a particle accelerator. What is the probability
that a Higgs particle will be produced in this collision?

The theoretical framework physicists use to answer
such questions is called quantum field theory (QFT).
The usual computational method within this framework
gives an answer in the form of an infinite sum of succes-
sive corrections. By considering only first few terms of
this sum, one often obtains a very good agreement with
experiments. However, if we could sum up all the terms,
the result would most likely be infinity. Can we claim
agreement of theory and experiment in this situation?

In the light of the above dilemma, the problem of log-
ical consistency of interacting QFT in four-dimensional
spacetime remains open to date. This fact is at the basis
of the Yang-Mills Existence and Mass-Gap Millennium

Problem of the Clay Mathematics Institute which concerns a rigorous mathematical construction of
the Yang-Mills theories.

This problem is: This problem is: Unsolved

Yang–Mills and Mass Gap
The laws of quantum physics stand to the world of

elementary particles in the way that Newton's laws of

classical mechanics stand to the macroscopic world.

Almost half a century ago, Yang and Mills introduced a

remarkable new framework to describe elementary

particles using structures that also occur in geometry.

Quantum Yang-Mills theory is now the foundation of

most of elementary particle theory, and its predictions

have been tested at many experimental laboratories, but

its mathematical foundation is still unclear. The

successful use of Yang-Mills theory to describe the strong

interactions of elementary particles depends on a subtle

quantum mechanical property called the "mass gap": the quantum particles have positive masses, even

though the classical waves travel at the speed of light. This property has been discovered by physicists from

experiment and confirmed by computer simulations, but it still has not been understood from a theoretical

point of view. Progress in establishing the existence of the Yang-Mills theory and a mass gap will require the

introduction of fundamental new ideas both in physics and in mathematics.
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The physical context of this problem is
clear: these QFTs are the main building blocks
of the Standard Model of particle physics. But
on the mathematical side it is legitimate to ask
what actually should be constructed.

To answer such questions, already in the
1950s the first axiomatic systems for QFT have
been formulated. They give a precise math-
ematical meaning to very general principles
such as stability of matter, independence of a
choice of an inertial reference frame or mutual
independence of measurements performed in
spacelike separated regions. A good news was
that such general assumptions suffice to con-
sistently define probabilities of collision pro-
cesses. However, natural assumptions ensuring
the presence of non-trivial physical processes,
involving interaction between particles or par-
ticle production, are not known. It is also not
known, after five decades of research, if there
is any interacting QFT in four-dimensional
spacetime, fitting into the axiomatic settings
mentioned above.

While we are not going to construct the
Yang-Mills theories, the goal of this project
is to clarify the problem of interaction in ax-
iomatic QFT and to explore some new ap-
proaches to construction of interacting models.
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Objective (A) of this project is to exploit an unexpected relation between interaction in QFT and
a non-ergodic behaviour of a certain auxiliary system. Ergodicity means that averages over time of
certain physical quantities are equal to averages over a time-independent statistical ensemble. On
the side of QFT, this time-independence means that configurations of particles do not change in
physical processes, thus there is no interaction. By proving suitable ergodic theorems, we will restrict
the realm of interacting theories.

Objective (B) is to construct a class of QFT in two-dimensional spacetime, which arise by re-
stricting an N -element family of free fields to the unit sphere. These so called O(N) non-linear sigma
models have many properties in common with the Yang-Mills theories or the Heisenberg ferromag-
net. A construction of the non-linear sigma models is an important open problem in mathematical
physics. One approach we pursue relies on stochastic differential equations which enjoyed very dy-
namical progress in recent years (e.g. Fields Medal of M. Hairer in 2014). Another approach we
follow is the Ba laban formulation of the renormalization group method.

Objective (C) is to look at other QFT which arise by imposing other constraints on free theories
and search for interacting models in four-dimensional spacetime within this unexplored class. We
envisage here both

Sources of the figures: http://scienceblogs.com, http://www.claymath.org.
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