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Homework Sheet 12 - solutions

Problem 1. In this and the following exercises {Bt}t∈R+ is the one-dimensional Brownian
motion with B0 = 0, unless stated otherwise. Use the Itô formula to find representations
of the expressions

Xt=

∫ t

0

exp(Bs)dBs, (1)

Yt=

∫ t

0

Bs exp(B
2
s )dBs, (2)

Zt=

∫ t

0

exp(s)dBs, (3)

which do not contain stochastic integrals.

Solution. Regarding (1), consider an analogous expression for s 7→ B̃s ∈ C1(R):

X̃t =

∫ t

0

exp(B̃s)dB̃s = exp(B̃t)− 1. (4)

Accordingly, let us apply the Itô formula to g(x) = exp(x)− 1. We get

dg(Bt) = g′(Bt)dBt +
1

2
g′′(Bt)dt = exp(Bt)dBt +

1

2
exp(Bt)dt. (5)

Hence,

(exp(Bt)− 1)− (exp(B0)− 1)︸ ︷︷ ︸
=0

=

∫ t

0

exp(Bs)dBs +
1

2

∫ t

0

exp(Bs)ds, (6)

∫ t

0

exp(Bs)dBs=(exp(Bt)− 1)− 1

2

∫ t

0

exp(Bs)ds. (7)

Let us now consider (2). Analogously as above, we write

Ỹt=

∫ t

0

B̃s exp(B̃
2
s )dB̃s =

1

2

∫ t

0

exp(B̃2
s )d(B̃s)

2 =
1

2

(
exp(B̃2

t )− 1
)
. (8)

We set g(x) = exp(x2)− 1, then

dg(Bt) = g′(Bt)dBt +
1

2
g′′(Bt)dt = 2 exp(B2

t )BtdBt +
1

2
exp(B2

t )[2 + (2Bt)
2]dt. (9)
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Consequently,

(exp(B2
t )− 1)− (exp(B2

0)− 1)︸ ︷︷ ︸
=0

= 2

∫ t

0

exp(B2
s )BsdBs +

1

2

∫ t

0

exp(B2
s )[2 + (2Bs)

2]ds.(10)

Regarding (3), we use the integration by parts formula to write

Zt=

∫ t

0

exp(s)dBs = exp(t)Bt −
∫ t

0

exp(s)Bsds. (11)

Problem 2. Use the Itô formula to write the processes

Yt=2 + t+ expBt, (12)

Yt= e
1
2
t cos(Bt), (13)

Yt=(Bt + t) exp(−Bt −
1

2
t) (14)

in the standard form. That is, find ũ, ṽ s.t.

dYt = ũ(t, · )dt+ ṽ(t, · )dBt. (15)

Which of the processes are martingales w.r.t. the natural filtration of the Brownian
motion?

Solution. We choose dXt = udt+ vdBt = dBt, i.e., u ≡ 0, v ≡ 1 in all examples. Recall
the Itô formula

dYt =
∂g

∂t
(t,Xt)dt+

∂g

∂x
(t,Xt)dXt +

1

2

∂2g

∂x2
(t,Xt)(dXt)

2, (16)

with dt · dt = dt · dBt = dBt · dt = 0, dBt · dBt = dt.

• Regarding (12),

dYt = dt+ exp(Bt)dBt +
1

2
exp(Bt)dt =

(
1 +

1

2
exp(Bt)

)
dt+ exp(Bt)dBt. (17)

Thus ũ(t, ω) :=
(
1 + 1

2
exp(Bt(ω))

)
, ṽ(t, ω) := exp(Bt(ω)).

• Regarding (13),

dYt =
1

2
e

1
2
t cos(Bt)dt− e

1
2
t sin(Bt)dBt −

1

2
e

1
2
t cos(Bt)dt = −e

1
2
t sin(Bt)dBt. (18)

• Regarding (14),

dYt=(1− Bt + t

2
) exp

(
−Bt −

1

2
t
)
dt+ (1− (Bt + t)) exp

(
−Bt −

1

2
t
)
dBt

−(1− Bt + t

2
) exp

(
−Bt −

1

2
t
)
dt

=(1− (Bt + t)) exp
(
−Bt −

1

2
t
)
dBt. (19)
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Processes (13) and (14) are martingales, since they have the form dYt = ṽ(t, · )dBt, i.e.,
Yt = Y0+

∫ t

0
ṽ(s, · )dBs, where Y0 (deterministic constant) and

∫ t

0
ṽ(s, · )dBs (Itô integral)

are martingales.

We still have to show that Yt = 2 + t + expBt is not a martingale. For this it suffices to
show that Zt = t + expBt is not a martingale, since the constant 2 is a martingale. We
compute for s ≥ t

E[Zs|Ft] = s+ E[expBs|Ft] = s+ exp(Bt)E[exp (Bs −Bt)]. (20)

where we used that expBt is Ft-measurable and Bs−Bt is independent of Ft. Now, since
(Bs −Bt) ∼ N(0, |s− t|), we have

E[Zs|Ft] = s+ exp(Bt)

∫
exp (x)

1√
2π|s− t|

e−
x2

2|t−s|dx = s+ exp(Bt) exp(|s− t|/2),(21)

where in the last step we used Gaussian integration. If Zt was a martingale, we would
have

t+ expBt = s+ exp(Bt) exp(|s− t|/2) (22)

for all s ≥ t. This is clearly impossible, since we can keep t fixed and make s arbitrarily
large.

Problem 3. Let Bt = (B
(1)
t , . . . , B

(d)
t ) denote the d-dimensional Brownian motion. Fol-

lowing Øksendal, Subsection 4.2, consider the process:

dXt = utdt+ vtdBt, (23)

where

dXt =

dX
(1)
t
...

dX
(n)
t

 , ut =

u
(1)
t
...

u
(n)
t

 , vt =

v
(1,1)
t , . . . , v

(1,d)
t

...
...

v
(n,1)
t , . . . , v

(n,d)
t

 , dBt =

dB
(1)
t
...

dB
(d)
t

 . (24)

Let g be a C2 map from R+ × Rd to Rp:

g(t, x) =

g
(1)(t, x)

...
g(p)(t, x)

 . (25)

Then the process Yt = g(t,Xt) is given by

dY
(k)
t =

∂g(k)

∂t
(t,Xt)dt+

∑
i

∂g(k)

∂x(i)
(t,Xt)dX

(i)
t +

1

2

∑
i,j

∂2g(k)

∂x(i)∂x(j)
(t,X)dX

(i)
t dX

(j)
t , (26)

where k ∈ {1, . . . , p}, i, j ∈ {1, . . . , d} and dB
(i)
t dB

(j)
t = δi,jdt, dB

(i)
t dt = dtdB

(i)
t = 0.
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Using (26), compute dYt for the following processes:

Yt=(B
(1)
t )2 + (B

(2)
t )2 for d = 2, (27)

Yt=

[
B

(1)
t +B

(2)
t +B

(3)
t

(B
(2)
t )2 −B

(1)
t B

(3)
t

]
for d = 3, (28)

Yt= |Bt| =
(
(B

(1)
t )2 + · · ·+ (B

(d)
t )2

)1/2 for d ≥ 2, (29)

Yt=exp(v ·Bt −
1

2
|v|2t) for d ≥ 1, (30)

where in (30) v ∈ Rd, v ·Bt :=
∑d

i=1 v
(i)B

(i)
t and |v|2 := (v(1))2 + · · ·+ (v(d))2.

Express the result in the form dYt = ũtdt+ ṽtdBt analogous to (23). Identify the vectors
ũt and matrices ṽt.

Remark: In the case of (29), g(x) = |x| is not C2 at the origin. But {Bt}t∈R+ never hits
the origin a.s. when d ≥ 2, so the Itô formula can be applied anyway.

Solution. In all cases we take Xt = Bt. Formula (26) gives:

• Regarding (27),

dYt=2B
(1)
t dB

(1)
t + 2B

(2)
t dB

(2)
t + (dB

(1)
t )2 + (dB

(2)
t )2

=2B
(1)
t dB

(1)
t + 2B

(2)
t dB

(2)
t + 2dt

=2dt+
[
2B

(1)
t , 2B

(2)
t

] [dB(1)
t

dB
(2)
t

]
. (31)

• Regarding (28),

dYt=

[
dB

(1)
t + dB

(2)
t + dB

(3)
t

−B
(3)
t dB

(1)
t + 2B

(2)
t dB

(2)
t −B

(1)
t dB

(3)
t + (dB

(2)
t )2 + dB

(1)
t dB

(3)
t

]

=

[
dB

(1)
t + dB

(2)
t + dB

(3)
t

−B
(3)
t dB

(1)
t + 2B

(2)
t dB

(2)
t −B

(1)
t dB

(3)
t + dt

]

=

[
0
1

]
dt+

[
1 1 1

−B
(3)
t , 2B

(2)
t , −B

(1)
t

]dB
(1)
t

dB
(2)
t

dB
(3)
t

 . (32)

• Regarding (29), we have g(x) = |x| =
(
(x(1))2 + · · ·+ (x(d))2

)1/2 and

∂g(x)

∂x(i)
=

x(i)

|x|
,

∂2g(x)

∂x(i)∂x(j)
=

δi,j
|x|

− x(i)x(j)

|x|3
. (33)
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Consequently

dYt=
∑
i

∂g(k)

∂x(i)
(t,Xt)dX

(i)
t +

1

2

∑
i,j

∂2g(k)

∂x(i)∂x(j)
(t,X)dX

(i)
t dX

(j)
t

=
∑
i

B
(i)
t

|Bt|
dB

(i)
t +

1

2

∑
i,j

(
δi,j
|Bt|

− B
(i)
t B

(j)
t

|Bt|3

)
dB

(i)
t dB

(j)
t

=
∑
i

B
(i)
t

|Bt|
dB

(i)
t +

1

2

∑
i,j

(
δi,j
|Bt|

− B
(i)
t B

(j)
t δi,j

|Bt|3

)
dt

=
∑
i

B
(i)
t

|Bt|
dB

(i)
t +

1

2

(d− 1)

|Bt|
dt

=
1

2

(d− 1)

|Bt|
dt+

1

|Bt|

[
B

(1)
t , . . . , B

(d)
t

]dB
(1)
t
...

dB
(d)
t

 . (34)

• Regarding (30), we have g(t, x) = exp(v · x− 1
2
|v|2t) and

∂g

∂t
= −1

2
|v|2g, ∂g

∂x(i)
= v(i)g,

∂2g

∂x(i)∂x(j)
= v(i)v(j)g. (35)

Consequently,

dYt=
∂g

∂t
(t,Xt)dt+

∑
i

∂g

∂x(i)
(t,Xt)dX

(i)
t +

1

2

∑
i,j

∂2g

∂x(i)∂x(j)
(t,X)dX

(i)
t dX

(j)
t

=Yt

(
− 1

2
|v|2dt+

∑
i

v(i)dB
(i)
t +

1

2

∑
i,j

v(i)v(j)dB
(i)
t dB

(j)
t

)
=Yt

(
− 1

2
|v|2dt+

∑
i

v(i)dB
(i)
t +

1

2

∑
i,j

v(i)v(j)δi,jdt

)

=Yt

∑
i

v(i)dB
(i)
t = Ytv · dBt = Yt

[
v(1), . . . , v(d)

] dB
(1)
t
...

dB
(d)
t

 . (36)

To be discussed in class: 23.01.2026
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