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Stochastic Differential Equations
Homework Sheet 12

Problem 1. In this and the following exercises { B, };cr, is the one-dimensional Brownian
motion with By = 0, unless stated otherwise. Use the It6 formula to find representations
of the expressions

t
Xt:/ eXp(Bs>sta <1>
0
t
Y;E:/ BseXp<B§)dBS7 (2)
0

Zie /0 exp(s)dB,, (3)

which do not contain stochastic integrals.

Problem 2. Use the [t6 formula to write the processes

K:2+t+eXth, (4)

Y, =ez' cos(By), (5)
1

Yi=(B; +1t)exp(—B; — 575) (6)

in the standard form. That is, find u, v s.t.
dY; = u(t, - )dt + o(t, - )dB;. (7)

Which of the processes are martingales w.r.t. the natural filtration of the Brownian
motion?

Problem 3. Let B, = (Blfl), ce Blfd)) denote the d-dimensional Brownian motion. Fol-
lowing Oksendal, Subsection 4.2, consider the process:

dXt = Utdt + UtdBt7 (8)
where
ax;" ut) v o B
dX; = y o Up = NS : , dBy = 9)
dx" u™ oY e dB"



Let g be a C? map from R, x R to RP:

g(l) (t’ x)
g(t,x) = : : (10)
gt x)
Then the process Y; = g(t, X;) is given by
(k) o
w _ 0g™ 0%g 0) 13- ()
ayt = =5 (1. X, dt+z t X)dX + = Za a0 (b XdXdx, (1)

where k € {1,...,p}, i,j € {1,...,d} and dB"dBY) = §, ;dt, dB" dt = dtdB” = 0.
Using (11), compute dY; for the following processes:

Y,=(B{") + (B”) for d = 2, (12)
B +B® + BY
= for d = 3, 13
(B,)? - B B” )
=B = (BMY + -+ (B™)?) for d > 2, (14)
1
Yi=exp(v- B, — §|v\2t) for d > 1, (15)

where in (15) v € RY, v- B, :== 3¢ | v® B and v == (vW)2 oo 4 (v D)2,

Express the result in the form dY; = @,dt + v,d B, analogous to (8). Identify the vectors
u; and matrices v;.

Remark: In the case of (14), g(z) = || is not C? at the origin. But {B;}icr, never hits
the origin a.s. when d > 2, so the It6 formula can be applied anyway.
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