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Stochastic Differential Equations
Homework Sheet 2

Problem 1. Let (Q,F,P) = (R4, B, pu), where Ry = [0,00), B denotes the Borel o-
algebra on [0, 00) and p is a probability measure on [0, c0) with no mass on single points,
i.e. u({zx}) =0 for every x € R,. Define

1 ift=w,
Xi(w) = (1)
0 otherwise,

and
Yi(w)=0 foral (t,w)eR; xR;. (2)

Prove that {X;}icr, and {Y;}icr, have the same finite-dimensional distributions and that
{Xi}ier, is a version of {Y;}icr,. (Note that, nevertheless, ¢t — Y;(w) is continuous for
all w and ¢ — X;(w) is discontinuous for all w).

Problem 2. Let X and Y be two independent random variables with finite variances.
Show that
var(X +Y) = var(X) + var(Y).

Problem 3. Let X be a real-valued random variable with finite second moment, i.e.,

E[X?] < .

(a) Let Y > 0 be any nonnegative random variable and let a > 0. Show that
ElY]

a

PY >a) <

(b) Apply part (a) with Y = (X — E[X])? and a = 2 for ¢ > 0. Conclude that
B[(x — BX)?]

P(IX —E[X]| >¢) < =

(c) Recall that var(X) := E[(X — E[X])?]. Rewrite the bound from part (b) in terms
of var(X).

Problem 4. Let {B;}icr, be 2-dimensional Brownian motion and set
D, ={yeR*: Jy|<p} for p>0, (3)

where |y| := \/y} + y3. Compute P*=°(B; € D,) for some fixed t > 0.
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Problem 5. Show that:

22
(a) I:= [pe 22dx = 2m02.
307 (2% +y?

Hint: For example, write I? = [, e 202 )dzdy and go to polar coordinates.

. z2 2,2
(b) [pe* e 22 dr = /2mo? e
) Z, _17" > . . .
(¢) Jpa eith) =G5 gy = (2m)ddet(C) e~ S , where C'is a d X d symmetric matrix
with strictly positive eigenvalues. Hint: Diagonalize the matrix, change variables
and use the previous item.

To be discussed in class: 17.10.2025



