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Problem 1. Show that in the sense of quadratic forms on D x D, where
D ={T cTg(h)|¥™ e S(R™) for all n }, (1)
we have the following representations for the (free) Hamiltonian H := dI'(p,(p)):

A(in(p) = [ &% (e (B)a(k)

= %/dd:c(:ﬂim(:c):+:V<pim(3:):+m2:g0im(az):). (2)
Here fi,,(p) = +/p? + m? and
1 ddk —tkx  * ikx
Oun(®) = G5 / T () 4 o), (3)
T (T) = (2;)(1/2 /ddk Mm;k) (e a*(k) — e**a(k)). (4)

The Wick ordering : (- --) : means shifting creation operators to the left and annihilation
operators to the right, ignoring the commutators. For example

s (a*(k)a” (ko) + a*(ki)a(ks) + a(ki)a” (k2) + a(ki)a(k)) : (5)
= a"(k1)a* (ko) + a*(k1)a(ks) + a*(k2)a(kr) + a(ky)a(ks). (6)

Problem 2. The interaction Hamiltonian
H(g) := )x/d Az g(z) : g, (2)*:, g€ CE(RY), AN>0, (7)
R

is well defined as a quadratic form on D x D (this can be taken for granted). Show that
this quadratic form cannot arise for d > 1 from an operator which has 2 in its domain.
Hint: Consider the formal expression for H;(g)$2 which is of the form (0,0, 0,0,4®,0,...)
and show that ¥ is not square integrable.

Problem 3. Let D = S(RY), d = 3, be the symplectic space with the standard symplectic
form. Consider the representations of YW on Fock space given by

P (W (f)) = e'Pum Be ) Fmun (m 1)), (8)
These representations are irreducible (this can be taken for granted). Show that p,,, is

not unitarily equivalent to Pty if my # mg, my, mo > 0. Hints:

1



(i) Suppose, by contradiction, that there is a unitary 7" on the Fock space which in-
tertwines the two representations. Let E 5 (a, R) — U(a, R) be the unitary repre-
sentation of the group of Euclidean motions in the ¢ = 0 plane (space translations
and rotations) which implements the corresponding automorphisms in the two rep-
resentations. Show that C'(a, R) := T—'U(a, R)*TU (a, R) must be a multiple of the
identity.

(ii) Use that E has no non-trivial one-dimensional representations.

(iii) Use that multiples of €2 are the only vectors in Fock space invariant under (a, R) —
U(a, R).
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