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Question: Is it possible to derive Maxwell’s equations from
Quantum electrodynamics?
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spinless Pauli-Fierz Hamiltonian

N ~ 2
HPF _Z _v_AH(XJ) l L )+H
N I'Vj \/N +N Z V(XJ Xk fs

1<j<k<N

ex(K) (ekaa(k, ) + e~k a%(k, A)) .

A.(x) = / d3k NeT
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spinless Pauli-Fierz Hamiltonian

W A\ 1
.
HﬁF = Z (—iVj A ) + — Z V(Xj — Xk) + Hy,
j=1 \/N N 1<j<k<N
A i (k) ik ik
An(x) = /d3k ex(k) (e*a(k, \) + e *a*(k, 7)) .
2 el )

@ two types of particles: (non-relativistic) charged bosons and
photons,
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spinless Pauli-Fierz Hamiltonian

N ~ 2
HPF _Z _v_AH(XJ) l L )+H
N I'Vj \/N +N Z V(XJ Xk fs

= 1<j<k<N

A i (k) ik ik

An(x) = /d3k ex(k) (e*a(k, \) + e *a*(k, 7)) .
2 el )

@ two types of particles: (non-relativistic) charged bosons and
photons,

o photons have two polarizations €1(k), e2(k) (V - A, = 0),
o H=L13R¥N)® F, = 2(R¥) @ [652,(L*(R?) ® C?)¥*],

@ scaling: kinetic and potential energy are of the same order.
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The scaling can be motivated by the Ehrenfest equations of the
field operators:

de (W, A&%)WN» = —(Wn, E&%)WN»,
vy =2 >>=—ﬁj§:;<<ww,e'6,,<y ) (—/vj Aﬁ’)w )+

Nikolai Leopold, Peter Pickl Derivation of Maxwell’s equations from non-relativistic QED



The scaling can be motivated by the Ehrenfest equations of the
field operators:

m«ww,fjx)ww»—-—«ww7sz)wm»
~ Al
d«wmfgwa»:—ﬁEQ@Wawwy—m)<4vk-f§f>wN»+u.

Emergence of the effective description:
o Wy ~ [Ty w(x) @ [b)F,

~ ~2
o (b, 2=)p) 5 (b, Asfdb) x — A(x, t), A2(x, 1).
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Hartree-Maxwell system of equations

/8,:4,0( ) = H"Mp(1),
Alt) =0,
(‘3tAK(t) = —E.(t),
KEL(t)  =—(DA)(e)—el (3 +)") (1)

where
HM = (—iV — A + (vx o),
J=2(Im(¢* V) — |¢[?AL) .
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Hartree-Maxwell system of equations

/8,:4,0( ) = H"Mp(t),
Alt) =0,
atA (1) = —Ex(0),
KEL(t)  =—(DA)(e)—el (3 +)") (1)

where
HM = (—iV — A + (vx o),
J=2(Im(¢* V) — |¢[?AL) .

A (xt) =3 aoyo [Pk Ll ex(k) (e™alk, A, t) + e~ *a(k, A, 1)) .

2\k
i0:p(t) = [(—iV—AH)2 (vr el )} o(t),
iOra(k, A\, t) = |klak, A t) — (2 )%\/(2‘75\(/()_]( ).
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Main theorem

Reduced one-particle density matrices:

’Y,(\}’O) =Tro v @ Tre[Upn) (W,

AYOD (e X KXY = N (W, (K, N )a(k, AW,

Theorem

Let o(x,0) € H3(R3), a(k, A, 0) =0, Wy(0) = [T, (x;) ® [0),
and v(x) = ﬁ Then, for any t > 0 there exists a constant
C(t,N) such that

1,0
Triems)lvys) — lee) (el <

3logo

Triemsec iy — lor) ol <
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Main theorem

Reduced one-particle density matrices:

’Y/(\}’O) =Tro, N ® Tre|Wn) (W,
AYOD (e X KXY = N (W, (K, N )a(k, AW,

Theorem

Let ¢(x,0) elH3(R3), a(k,X,0) =0, Wy(0) = [TV, o(x) © |0) 7,

and v(x) = r- Then, for any t > 0 there exists a constant

C(t, ) such that

1,0
Triems)lvys) — lee) (el <

3logo

0,1
Triems)yec2lrys) — loe) (o] <

Remark: In general, this holds for a larger class of potentials and
initial states.
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Idea of the proof

Introduce the functional: S(t) = B2(t) + B°(t) + B(t) + BI(¢).
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Idea of the proof

Introduce the functional: S(t) = B2(t) + B°(t) + B(t) + BI(¢).
@ 37 measures if the charged bosons are in a condensate,
o (P and 3¢ measure if the photons are close to a coherent

state,

o (39 restricts the class of Many-body initial states.

Initially: 5(0) ~ 0

Show: d(t) < C(B(t) + &)

Gronwall: B(t) < et (B(0) + &)

Tasks of 5(t):
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Idea of the proof

Introduce the functional: S(t) = B2(t) + B°(t) + B(t) + BI(¢).
@ 37 measures if the charged bosons are in a condensate,
o (P and 3¢ measure if the photons are close to a coherent
state,
o (39 restricts the class of Many-body initial states.
Initially: 5(0) ~ 0
Show: d(t) < C(B(t) + &)
Gronwall: B(t) < et (B(0) + &)
Tasks of 5(t):
@ 3(0) ~ 0 defines conditions on the initial states:
(Wn(0), ¢(0), a(0)).
@ [(t) is a measure of condensation at later times.
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Let ¢ € L2(R3) and p; : L2(R3V) — L2(R3N) be given by

f(xt,...,xn) = (X)) / d>x; ©* () F(x1, -+, Xn)-
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Let ¢ € L2(R3) and p; : L2(R3V) — L2(R3N) be given by

f(xt,...,xn) = (X)) / d>x; ©* () F(x1, -+, Xn)-

Define g; := 1 — p; and the functional

N

B, ¢l =N (W, g @ TrWp).
j=1
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Let ¢ € L2(R3) and p; : L2(R3V) — L2(R3N) be given by

f(xt,...,xn) = (X)) / d>x; ©* () F(x1, -+, Xn)-

Define g; := 1 — p; and the functional

N

B, ¢l =N (W, g @ TrWp).
j=1

(5% measures the relative number of particles which are not in the
state ¢:

o 57 < Tromsyhy™ — ) el < CVR,
o Wy =TY,; o(x, t) ®[0)r = B2[Wn,¢] = 0.
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svmali= [ Fy(wn, (Aj/%) —AL(y. t)) <A(y’ e r)) W),

- At

E _ E,.
selweal = [ Py, ( =) gy, r)) ( 2
B3P and 8¢ measure the fluctuations of A, and IAE,{ around A, and E,.:

o Tremyac:iy™ — la)(al| < Cv/BP + BF,
o Wy =TI, ¢(x,t) ®[0)r Aer = 0= b = g = 0.

3

Nikolai Leopold, Peter Pickl Derivation of Maxwell’s equations from non-relativistic QED



PF

2
B lneval i= (W, (B — Mgl ) Wi,

where
M [,0] := (i, (~1V — AdB)0) + 5 (2, (v* o) &)

1 ~\2
5 [y B0+ (T3 A) o)
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PF 2
B lneval i= (W, (B — Mgl ) Wi,

where
M [,0] := (i, (~1V — AdB)0) + 5 (2, (v* o) &)

1 ~\2
5 [y B0+ (T3 A) o)

B9 restricts our consideration to Many-body states, whose energy
per particle only fluctuates little around the energy of the effective
system:

o dis? =0,
° WN:HJ'N:190(XJJ)®|0>JT/\a=0:>Bdg%_
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Conclusions and Outlook

Remarks:
@ unpublished but soon on the arXiv,

@ method can be used to derive the Schrodinger-Klein-Gordon
system from the Nelson model,

@ UV-cutoff is essential, but can be chosen N-dependent.
Outlook:

@ Nelson model with electrons,

@ Renormalized Nelson model,

@ model for gravitons.
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Thank you for listening!
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