Effective Hamiltonians for perturbed
periodic quantum systems
and their geometry

Stefan Teufel, Universitat Tiibingen
Workshop on Macroscopic Limits of Quantum Systems

TU Miinchen 2017.

based on joint works with
o Silvia Freund,
e Domenico Monaco, Gianluca Panati, Adriano Pisante,

e Nicolai Rothe



1. Introduction: Band spectra
0 o(Ho)=[0,00)
» Hy=—A, on [*(R?) kel



1. Introduction: Band spectra
0 o(Ho)=[0,00)
» Hy=—A, on [*(R?) kel

0 o(Hr)=U,l,
» Hr=—-A, + Vr(X)

Bloch bands
with Vr(x +7) = Vr(x) for all x e R?, y € T ~ 72



1. Introduction: Band spectra
0 o(Ho)=[0,00)
» Hy=—A, on [*(R?) kel

0 o(Hr)=U,l,
» Hr=—-A, + Vr(X)
Bloch bands

with Vr(x +7) = Vr(x) for all x e R?, y € T ~ 72

ZH5o) = Unlen)

0
» Hp, = (—iVx + Ao(x))? f——

with dAg = By = const. Landau levels



1. Introduction: Band spectra
0 o(Ho)=[0,00)
» Hp=—A, on [?(R?) kel

0 o(Hr)=U,l,
» Hr=—-A, + Vr(X)

Bloch bands
with Vr(x +7) = Vr(x) for all x e R?, y € T ~ 72

» Hp, = (—iVx + Ao(x))? ?: :U(:H:BO:) : Un{en}

Landau levels

with dAp = By = const.

> HF,BO = (—iVX + Ao(X))2 + Vr(X)
0 U(HF,BO) = Updn

with ' and By commensurable Magnetic Bloch bands
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Up to a unitary, H(k) is periodic, H(k-+~*) = 7(v*)H(k)T(y*) 71,
and has purely discrete spectrum for each k € T?,

H(k)Pn(k) = En(k)Pn(k) :

Hence, ﬁr acts on the range of P, := ffz P,(k)dk as
multiplication by the function E,.

And Hr is thus unitarily equivalent to an orthogonal sum of
multiplication operators by functions E, on P,H,

HrwéEEn(k) on éEPnH o éEB(T?).
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» We have exactly the same structure for Hr g, up to one caveat:

There is no natural isomorphism between P, and L2(T?)
anymore.

Instead P,# is naturally isomorphic to a space of L2-sections
L?(=,) of a certain vector bundle =, over the torus T2.



1. Introduction: Peierls substitution

One would like to understand the effect of additional (non-periodic)
electric and magnetic potentials W and A that give rise to small
electric and magnetic fields E = —VW and B = curlA.



1. Introduction: Peierls substitution

One would like to understand the effect of additional (non-periodic)
electric and magnetic potentials W and A that give rise to small
electric and magnetic fields E = —VW and B = curlA.

Let
W:R?> R  and A:R? - R?

be smooth functions that are bounded and have bounded derivatives
of all orders.



1. Introduction: Peierls substitution

One would like to understand the effect of additional (non-periodic)
electric and magnetic potentials W and A that give rise to small
electric and magnetic fields E = —VW and B = curlA.

Let
W:R?> R  and A:R? - R?

be smooth functions that are bounded and have bounded derivatives
of all orders.

For e > 0 let
We(x) :== W(ex) and A®(x) = A(ex)

be the scaled potentials. For ¢ < 1 they are slowly varying on the
scale of the lattice and give rise to small fields.
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> Fourier transformation turns Hy = (—iVy+ AE(X))2 + We(x)
into the pseudo-differential operator

~ L : 2 .
Hy = (k + AE(IV/()) + W€(1Vk).

> Peierls substitution for Bloch bands:
The restriction of Hr = (—iVy+ AE(X))2 + Vr(x) + We(x) to
one of the subspaces ranP, = [?(T?) under Bloch-Floquet
transformation is close to

A i) 5 En(k + A%(iV4)) + WiV

» Peierls substitution for magnetic Bloch bands:
Hr = (= iV + Ao(x) + A9(x))® + Vi (x) + W=(x) restricted to
one of the subspaces ranP, = L%(=,) under magnetic

Bloch-Floquet transformation should in some sense be close to

I?Ir‘ranﬁnng(En) ekl En(k + A°(iVy)) + WE(iVy).
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Cornean, Iftimie, Purice '14: representation in basis of localized
Wannier functions

Freund, T. '13: unitary equivalence for magnetic Bloch bands,
but A bounded
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2. Bloch bundles and Wannier functions

Gapped group of bands: Let /| C N be an index set such that
{En(k)|n eI} C a(H(k))

is separated uniformly in k by a gap from the rest of the spectrum
of H(k). Typically {E,(k)|n € I} are the bands below the Fermi
energy.

Put Pj(k) =3, ., Pa(k) and Py := [¥ P;(k)dk, then ranP; is an

nel ' n
invariant subspace for Hr and F~lranP; is an invariant subspace
for Hr.

Composite Wannier functions (ws,...,wn) for F~lranP; with
rankP; (k) = m are functions in L?(R?) such that

{Tywj|yel,j=1,...,m}

is an orthonormal basis of F~lranP;.
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The Bloch bundle =; associated to the group of bands
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) == {(k,0) € R? x Hy) | Pi(k)p = ¢}/ ~,

(ka‘vp)N(k/Np/) = k,_ker* and @,:T(k,—k)(p

The Berry connection VB on =) is the natural induced connection
VE = Pj(k)V,
its curvature form can be expressed as
Q;(k) =1Pi(k)[01Pi(k), D2P(k)],

and the corresponding Chern number is

1
0= — tr (k) dk .
! 27T T2 ' I()



2. Bloch bundles and Wannier functions

The Bloch bundle =; associated to the group of bands
{E,(k)|n € I} is the rank-m vector bundle =; % T? given by

) == {(k,0) € R? x Hy) | Pi(k)p = ¢}/ ~,

(k,o) ~ (K',¢") & K —keTl* and ¢ =7(k' — k)p.

The Bloch bundle is called trivializable, if it admits a global frame
(¢1,---,9m), that is a family of smooth functions ; : R? — H; that
are T-equivariant,

pi(k+77) = 7(v")gj(k),

and form an ONB of ranP(k) for all k € R2.



2. Bloch bundles and Wannier functions

The Bloch bundle =; associated to the group of bands
{E,(k)|n € I} is the rank-m vector bundle =; % T? given by

) == {(k,0) € R? x Hy) | Pi(k)p = ¢}/ ~,

(k,o) ~ (K',¢") & K —keTl* and ¢ =7(k' — k)p.

The Bloch bundle is called trivializable, if it admits a global frame
(¢1,---,9m), that is a family of smooth functions ; : R? — H; that
are T-equivariant,

pi(k+77) = 7(v")gj(k),

and form an ONB of ranP(k) for all k € R2.
Such a global frame provides an isomorphism of the range of P; with

12(12,C),
ranP; = [%(T?,C™).



2. Bloch bundles and Wannier functions

The Bloch bundle =; associated to the group of bands
{E,(k)|n € I} is the rank-m vector bundle =; % T? given by

) == {(k,0) € R? x Hy) | Pi(k)p = ¢}/ ~,

(ka‘vp)N(klvtpl) = k,_ker* and @,:T(k,—k)(p

The Bloch bundle is called trivializable, if it admits a global frame
(¢1,---,9m), that is a family of smooth functions ; : R? — H; that

are T-equivariant, i .
pilk +77) =7(v")pj(k)

and form an ONB of ranP(k) for all k € R2.

Theorem (Panati '07) In dimensions d = 2,3 the Bloch bundle is
trivializable if and only if its Chern number(s) vanish.
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Theorem (Monaco, Panati, Pisante, T. 16")

In dimensions d = 2,3

> either the Bloch bundle is trivializable and exponentially
localized composite Wannier functions exist,

» or the Bloch bundle is non-trivial and no composite Wannier
functions with finite second moment exist, i.e. any set of
composite Wannier functions (wi, ..., wy,) satisfies

/ Ix[?|w;(x)|? dx = o0 for at least one j € {1,..., m}.
Rd

Composite Wannier functions (wi, ..., wy,) satisfying

[ bl dx < o0

forall j=1,...,mand any 0 < s < 1 always exist.



3. Peierls substitution for magnetic subbands

The Hofstadter model is the simplest example of a periodic system with
magentic field. Its Hamiltonian Hyt is just the discrete Laplacian with
costant magnetic field on the square lattice.



3. Peierls substitution for magnetic subbands

The Hofstadter model is the simplest example of a periodic system with
magentic field. Its Hamiltonian Hyt is just the discrete Laplacian with
costant magnetic field on the square lattice. After Bloch-Floquet
transformation and for “rational” magnetic field By = 27r§ its fibres are

2 cos(ky) 1 0 e elak
1 2 cos(ky + Bp) 1 s 0
0 1 2cos(ky +2Bg) - - 0

0

e~ lak 0 e 1 2cos(ky + (g — 1)Bo)



3. Peierls substitution for magnetic subbands

The Hofstadter model is the simplest example of a periodic system with
magentic field. Its Hamiltonian Hyt is just the discrete Laplacian with
costant magnetic field on the square lattice. After Bloch-Floquet
transformation and for “rational” magnetic field By = 27r§ its fibres are

2 cos(ky) 1 0 e elak
1 2 cos(ky + Bp) 1 s 0
0 1 2cos(ky +2Bg) - - 0
HBo(k) =
: 0
0
e idk 0 e 1 2cos(ka + (g — 1)Bp)

Alternatively, the Hofstadter model can be obtained from Peierls
substitution applied to the band function E(k) = 2cos(ki) + 2cos(k,), i.e.

Hior = E(k — Ao(iV)) .



3. Peierls substitution for magnetic subbands

The Hofstadter model is the simplest example of a periodic system with
magentic field. Its Hamiltonian Hyt is just the discrete Laplacian with
costant magnetic field on the square lattice. After Bloch-Floquet
transformation and for “rational” magnetic field By = 27r§ its fibres are

2 cos(ky) 1 0 e eldkl
1 2 cos(ky + Bp) 1 s 0
0 1 2cos(ky +2Bg) - - 0
HBo(k) =
: 0
0
e idk 0 e 1 2cos(ka + (g — 1)Bp)

Alternatively, the Hofstadter model can be obtained from Peierls
substitution applied to the band function E(k) = 2cos(ki) + 2cos(k,), i.e.

Hior = E(k — Ao(iV)) .

The Hofstadter Hamiltonian can thus also be regarded as the canonical
effective Hamiltonian for a Bloch band perturbed by a constant magnetic
field By (see De Nittis, Panati '10).
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For By ¢ 2mQ the spectrum of Hpg, is of Cantor type (a closed
nowhere dense set without isolated points) and has zero Lebesgue
measure.

The proof of this so called Ten Martini Problem was given by Avila
and Jitomirskaya (Ann. Math. 2009) and, among other results,
earned Avila the fields medal 2014.

While this is a beautiful mathematical result, it is not too relevant
from the physics point of view.

Our aim is to prove “Peierls substitution”, i.e. the stability of the
block decomposition for rational values of By under certain types of
perturbations and to construct explicit effective operators that are
unitarily equivalent to the blocks of the perturbed periodic operator.
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One would like to understand the effect of additional (non-periodic)
electric and magnetic potentials W and A that give rise to small
electric and magnetic fields E = —VW and B = curlA.

Let
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be smooth functions that are bounded and have bounded derivatives
of all orders.

For e > 0 let
We(x) := W(ex) and A®(x) = A(ex)

be the scaled potentials. For € < 1 they are slowly varying on the
scale of the lattice and give rise to small fields.
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Theorem (Freund, T. '13)

Let {E,(k)|n € I} be a gapped group of bands with projection P;.
Then there exist an orthogonal projection M5 € L(L?(T?;Hs)) such
that

A, m31|| = 0.
Moreover, M7 is close to a pseudodifferential operator Op(P5),
M7 = Op(P7)Il = O(e™), (*)
with principal symbol equal to P;(k — A(r)).
If ||W| s is small enough, the spectral gaps remain open for

e € (0,eq] and (x) holds for M5 being the corresponding spectral
projection of H®.
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Theorem (Freund, T. '13)

Let {E,(k)|n € I} be a gapped group of bands with projection P;.
Then there exist an orthogonal projection M5 € L(L?(T?;Hs)) such
that

A, m31|| = 0.
Moreover, M7 is close to a pseudodifferential operator Op(P5),
M7 = Op(P7)Il = O(e™), (%)
with principal symbol equal to P;(k — A(r)).
The construction is based on methods developed by Helffer and

Sjostrand in '89 that were applied in similar ways by Martinez,
Nenciu, Sordoni '03, Panati, Spohn, T. '03, and many others.
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To prove Peierls substitution, we need to show that M7 HI17 is
unitarily equivalent to an operator of the form

H™ = Ej(k + A(ieV)) + W(ieVk) + O(e)

acting on some suitable space of “scalar functions” of k.
The first step is the construction of a unitary
Ui :ranl; — ranP;.

which can again be done by known techniques [PSTO03].

As discussed before, a unitary map from ranP; to scalar functions
over the torus can be obtained from a trivialising section of this
bundle.

However, magnetic Bloch bundles in the Hofstadter model are never
trivialisable, i.e. such a trivialising section does not exist.
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This can be seen by computing the Chern number 0; of the jth
Bloch bundle. Coloring the nth gap in the spectrum by the sum 6, of
the underlying Chern numbers,

0, = iej,
j=1

yields a colored version of the Hofstadter butterfly.
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Images by Nicolai Rothe.



3. Peierls substitution for magnetic subbands

Theorem (Freund, T. '13)

Let {En(k)|n € I} be a gapped group of bands with projection P;.
Then there exists a unitary

U : ranllf — Hy,

such that HffT .= U,EI'IiITIrl'If Ur* satisfies
HE = Ei(k+ A(ieVY)) + W(ieVy) + O(e) .

Here Hy, is a space of L2-section of a rank m vector bundle with
connection V.



3. Peierls substitution for magnetic subbands

Theorem (Freund, T. '13)

Let {En(k)|n € I} be a gapped group of bands with projection P;.
Then there exists a unitary

U : ranllf — Hy,
such that HffT .= U,EI'IiITIrl'If Ur* satisfies
HE = Ei(k+ A(ieVY)) + W(ieVy) + O(e) .

Here Hy, is a space of L2-section of a rank m vector bundle with
connection V. In the case of a single band / = {j} of the Hofstadter
model at By = 327r they are given by

1kn

2 el *
Ho, {feLlOC(R ‘f(k—n)—e = f(k) forallnerq}

and V% = (8/(1,8/(2 +1q9 kl).
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B
q 1
off

For the case of a perturbation by a constant magnetic field B = qi;
W =0, and Ej(k) = 2cos(qgki) + 2 cos(gks), one can represent H;
again as a Hofstadter-type matrix
q,0 B(k)
2 cos(qky) eiq(klieg) 0 eiiq(klie%)
e—iq(k1—9§) 2 cos(qlks + qB)) eiq(’q—tﬁ%) o
0 c_iq(kl_eg) 2 cos(q(kp + 2gB)) cee 0
0
0 Ciq(kl—eg)
eiq(klieg) 0 cee eiiq(kligg) 2cos(q(kp + (§ — 1)gB))

Here 0 is the Chern number of the perturbed band and g the

denominator in g the denominator in By = 27r§.
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U(Hés,ﬁ—z)
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o(Hg,) o(H5L,)
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Konrad Knopp, Mathematics Professor in Tiibingen 1926-1950,
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Thanks for your attention,

more thanks to the organizers,

most thanks and all the best
wishes to Herbert!



