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.

Introduction

Prove that a non-trivial toy model for a quantum field theory
on R* exists and satisfies [O-S, Wightman].

4 . 4
@ &, is renormalizable, ¢y _ trivial
@ &% on Moyal space is nonrenormalizable due to IR/UV mixing

@ (®7)modifiea ON Moyal space is renormalizable
(HG+R Wulkenhaar, 2004)

@ [ function is perturbative zero (Rivasseau et al, 2006)

@ Ward identities allow to decouple SD equs.

— Can we construct it?
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@4 on Moyal space
[ JeJe}

Regularisation of A\¢; on noncommutative space

S[¢]:/R4dx<%¢ (-A + )¢+%¢ ¢ ¢ qﬁ)(X)
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@4 on Moyal space
[ JeJe}

Regularisation of A\¢; on noncommutative space

S[(b]:/R4 dx<%¢ (—A+Q%( x)?+pu? )¢+%¢ ¢ ¢ ¢)(X)
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@4 on Moyal space
[ JeJe}

Regularisation of A\¢; on noncommutative space

s[¢]:/R4 dx <%¢*(—A+Qz(2@_lx)2 +u2 )+ %mw*qﬁ)(x)

with Moyal product (f «g)(x) :/ dy dk

. (zw)Af(x+%€)k)g(x+y)ei<k’y>
4 < R4
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@4 on Moyal space
[ JeJe}

Regularisation of A\¢; on noncommutative space

7 \Z?
S[¢]:/R4 dx <7A¢*(—A+Qz(2@_lx)2 + Hpare) ¢ + TA¢*¢*¢*¢>(X)

with Moyal product (f «g)(x) :/ dy dk

e () K T2OK) g (xry) €Y
4>< 4
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@4 on Moyal space
[ JeJe}

Regularisation of A\¢; on noncommutative space

7 \Z?
s[¢]:/R4 dx <7A¢*(—A+Qz(2@_lx)2 + Hpare) ¢ + TA¢*¢*¢*¢>(X)

. dy dk_
with Moyal product (f :/
yval product (fxg)x) = | s

matrix basis fmn(x) = fmyng (X, x1)fmgn, (x3, x4)

f(x+10k) g(x+y) ek

. ™~ > \N—m 21y 12\ b2
ﬁmLyo.yl) 2(*1)‘1\ w(\ y) L‘w‘ ’”(‘+/)c [Z]
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@4 on Moyal space
[ JeJe}

Regularisation of A\¢; on noncommutative space

7 \Z?
S[¢]:/R4 dx <7A¢*(—A+QZ(2@_1X)2 + Hpare) ¢ + T/\¢*¢*¢*¢>(x)

with Moyal product (f x g)(x) :/ dy dky f(x+10k) g(x+y) ey’
) R4 x R4 (277)
takes at 2 = 1IN matix basis fmn(x) = fmyny (<%, xH)fmyn, (3, x4)

(%, yH)= 2(=1)™ /20 (/2y) "M (A ) e T

due to frn + fiy = dnif @and | dx fyp(x) = Vo, the form

Z /\
S[d)] =V Z Hm (Dmn(bnm + — Z q>mnq>nkq>kl¢lm>

m,neN2, mnkIeN2
m 2
Hmz,\(%jt%), m| == my +my <N

oV = (%)2 is for Q = 1 the volume of the nc manifold.
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@4 on Moyal space
[e] Je}

More generally: field-theoretical matrix models

Euclidean quantum field theory

@ action S[®] = V tr(E®? 4 P[d])
for unbounded positive selfadjoint operator E with compact
resolvent, and P [®] a polynomial

o partition function Z[J] = / D[®] exp(—S[®] + V tr(®J))

@ ror P[®] = %@3 this is the Kontsevich model which computes the intersection theory on the moduli space

of complex curves.  WWe choose P[(D] = %¢4

@ Perturbative expansion eV "Pl) — 3~ L (v tr(P[]))"

n!
leads to ribbon graphs. They encode genus-g Riemann surface

with B boundary components.

@ we avoid the expansion, but keep the topological structure:
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@4 on Moyal space
[ee] ]

Topological expansion

@ Choosing H = diag(Ha), matrix
index conserved along every strand.
@ The ki boundary component carries
N
acycle Jpl v, = L2 Jpypya OF Nic
external sources, Ny +1 = 1.

\Hd 1‘J

1

@ Expandlog Z[J] = > éV%BG\pimle 1pf

according to the cycle structure. Py

B

@ QFT of matrix models determines the weights of Riemann
surfaces with decorated boundary components compatible
with @ gluing (of fringes)
@ covariance (under ¢—U*®U, which is not a symmetry!)
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@4 on Moyal space
[ee] ]

Topological expansion

@ Choosing H = diag(Ha), matrix
index conserved along every strand.
@ The ki boundary component carries
N
acycle Jpl v, = L2 Jpypya OF Nic
external sources, Ny +1 = 1.

® Expand log Z[J] =} éVZ*BG‘pimle Ip®... ‘Hd lJ
according to the cycle structure.

@ QFT of matrix models determines the weights of Riemann
surfaces with decorated boundary components compatible
with @ gluing (of fringes)

@ covariance (under ¢—U*®U, which is not a symmetry!)
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WI,SD
L]

Ward identity

2
Matrix Base Him = ZA((”T/—"‘) + Uigre)

S[¢] = Zn,m %CbannmCDmn + % anpq Z/%CDnmCDmpd)quan

inner automorphism ¢ — U*®U of My, infinitesimally,
not a symmetry of the action, but invariance of measure

Interpretation

Insertion of special vertex V.3° := > "(Han — Hup ) dondna

n
into external face equals the difference between the exchanges
of external sources J, — Jna and Jan — Jpn

Z(a| — b)) ¥

The dots stand for the remaining face indices.
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SD equation 2

75, .
a a a - b -
=< < a / a <.
= <= <
e @—f» b 5__'/ +>b H\‘JF}E;
by a ~—
— v"‘
Cap

a
<
4y
b

~~
L ~R
Tab b

@ vertex is ZZ\, connected two-point function is Gp:
first graph equals Z{A 3", Gaq

@ open p-face N ZR and compare with insertion into connected two-point function

a a (23
—=< —
e —
ins a b a b a b
laplb = = + )
P b P b P
e
e
P P

gives for 2 point function:
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WI,SD
0e0

Schwinger-Dyson equations (for Sinc[®] = 3tr($*))

In a scaling limit V — oo and 7~ Zpel finite, we have:

1. Aclosed non-linear equation for Gy,

Glpb| — G|ab|)

1 A 1
Glap| = - = (G Gap| —
|ab| Ea+Ep, (EatEp)V pz |ab||ap| Ep—Ea

2. For N > 4 a universal algebraic recursion formula

Glogby ...by_1 |

N—2

— (=) i Glbgby ...y _11Clbgbpi g -by_11 ~ Clbyby...byy_1|Clbgbyiq .- by _1]
= (Epy — Eby )(Ep, — Epy ;)
=1 0 2| il N—1

@ scaling limit corresponds to restriction to genus g = 0
@ similar formulae forB > 2
@ no index summation in Gigpeqy = S-function zero!
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Graphical realisation

Gpgb; Ghybs —Gbgbs Ghyb
Goutt =) g “b)os bs) @ @

RN
OO0

b b — Gpp, leads to non-crossing chord diagrams; these are

counted by the Catalan number Cy =4
T (1)

b b = ﬁ leads to rooted trees connecting the even or odd
vertices, intersecting the chords only at vertices
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Integral representation
€000

Back to A\®2 on Moyal space
@ Infinite volume limit (i.e. # — oo) turns discrete matrix indices
into continuous variables a, b, --- € R, and sums into integrals

@ Need energy cutoff a, b, - - - € [0, A?] and normalisation of lowest
Taylor terms of two-point function G py = Gap

@ Carleman-type singular integral equation for G, —Gao

Theorem (2012/13) (for A < 0, using Gpg = Ggp)

Let ’H,’\ —73/ dp be the finite Hilbert transform.

Gab:weggn (N lro(o)]—Ha (o))
Ta

where 1,(a) := a[ré:t%n <%> and G4 solution of

Gpo = Gop TP ( /dt/ (D)2 1+/\7rp7-[ [G.o]) )
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Integral representation
0®00

Discussion

Together with explicit (but complicated for Gap|cd, Gap)cdlefs - - - )
formulae for higher correlation functions, we have exact solution of
A¢3 on extreme Moyal space in terms of

Gpo = GOb— EXD ( /dt/ (\rp)? + 1+A7rpH"[G-o]) )

Gpo

Possible treatments

© perturbative solution: reproduces all Feynman graphs,
generates polylogarithms and ¢-functions

@ iterative solution on computer: nicely convergent, find interesting
phase structure

© rigorous existence proof of a solution

© work in progress: (guess); should give uniqueness
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Integral representation
fole] Y]

Computer simulation: evidence for phase transitions

piecewise linear approximation of Ggp, G for A°>=107 and
2000 sample points. Consider 1+):=— e

}bO

15 - -
ks 1+Y | vee o o O (1HIY(N)
] P discontinuous
mz 19‘;..- Gup 7 Goa 4 at \c = —0.39
< & (winding number @ order parameter
rc‘: O neglected) b)\: sup{b : GObzl}
© © r
0) S I non-zero for A < A¢
. @ Akey property for
. i Schwinger functions is
7dGob
: Y= realised in |\c, 0],
outside?
-1.0 -05 e 0 05 A Lo
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Integral representation
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Fixed point theorem

Theorem (2015)

Let — < X < 0. Then the equation has a CJ-solution

1 1
T—n — P0b > Y
ey (@ b)l"Téi%XT

Proof via Schauder
fixed point theorem.

This involves continu-
ity and compactness
A=—5 of a certain operator
(in norm topology)
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An analogy

2D Ising model

4D nc ¢*-theory

temperature T, K = ¢

frequency Q

Kramers-Wannier duality
sinh(2K) sinh(2K*) =

Langmann-Szabo duality
QO =1

solvable at K = K*
scale-invariant

solvable at 2 = Q*
almost scale-invariant

CFT minimal model (m = 3)

matrix model

operator product expansion
Virasoro constraints

Schwinger-Dyson equation
Ward identities

critical exponents

critical exponents

subfactors, ...

G7§ o —nd}2+n’ n= % G%¢ nZJ:HI’ A € ], 0]
Virasoro algebra, CFT, PP
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Schwinger functions
©00000

Relativistic and Euclidean quantum field theory

@ We define a QFT by Wightman distributions
)/VN(X;L7 e ,XN) = WN(Xl —X2,...,XN=1 7XN)

@ Theorem: The Wy are boundary values of holomorphic
functions (on permuted extended forward tube ¢ C4(N-1))
Euclidean points (minus diagonals) defines Schwinger functions

@ Schwinger functions inherit properties such as real analyticity,
Euclidean invariance and complete symmetry

@ Hence, moments of probability distributions provide candidate
Schwinger functions (link to statistical physics)

Theorem (Osterwalder-Schrader, 1974)

One additional requirement, reflection positivity, leads back to
Wightman theory
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Schwinger functions
0®0000

From matrix model to Schwinger functions on R*

reverting harmonic oscillator basis@®, 1+JJ::—"G°b |b o

Theorem (2013): connected Schwinger functions

SC(H’Xla .. '5,U'XN)

No o f d¥ps (e s (ay :
647r2 Z Z(H N /4 47T2‘u4 e|< o(Ny+...+Ng_ 1+)>

Ni+...+Ng=N g€Sy
Nj even

x G

. O .1
221 W) I 22 2 ()

Np Ng

Hidden noncommutativity: have internal interaction of matrices;
commutative subsector propagates to outside world

@ Schwinger functions are symmetric and invariant under full
Euclidean group (completely unexpected for NCQFT!)

@ remains: reflection positivity

@ finally: Is it non-trivial?
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Schwinger functions

[e]e] lelele]

Connected (4+2+2)-point function

© individual Euclidean symmetry
in every boundary component
(no clustering)
@ particle scattering without
momentum exchange
@ in 4D a sign of triviality
(mind assumptions!)
@ familiar in 2D models with
factorising S-matrix
@ a consequence of integrability

Is there a precise link between exact solution of our 4D model and
traditional integrability known from 2D?
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Schwinger functions
000800

Osterwalder-Schrader reflection positivity

Proposition (2013)
S(x1,X2) is reflection positive iff a — Ga, is a Stieltjes function,

> d(p(t)) -
Gaa = = — positive measure.
aa /o att’ pP—0P

Excluded for any A > 0 (unless rescued by winding number)
@ naive anomalous dimension n positive for A > 0,
@ renormalisation oversubtracts: 7en, A Of Opposite sign

@ p-space 2-point function m
Positivity and convergence contradict each other!
@ Need (analytical?) continuation between

— one regime where existence can be proved and
— another regime where positivity holds.
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Schwinger functions

0O000e0

Reflection positivity simplifies the problem

If Gy Is Stieltjes, then Hilbert transform can be avoided:

Gy _ (__ 9 arctan ( y IM(C—(1119.0) ))
Gro t+x 0.7 \1—At [ ds &2 +y Re(G_(ic)0)

Which class of functions has desired analyticity+holomorphicity and

manageable integral transforms?

a,b1,...bn,1
C1,---,Cn—1

hypergeometric functions Gyo = nFn_1< — x) if a € [0,1]

andci > b; > a
@ holomorphicity aty > 0: determine a, b;, ¢; by Gg;,) = G)(,'f))

[I, a=t — acsnOn)
i=1b—1 Am

@ find: a =1+ X arcsin(Ar) ,

@ critical coupling constant is \; = f% = —0.3183...
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Schwinger functions
[eleTelelel)

Kallén-Lehmann spectrum
@ Numerics makes it completely clear (but doesn’t prove) that Gyg
is Stieltjes
@ reflection positivity equivalent to G, a Stieltjes function
@ the shape makes this plausible:0

5 -

041

Stieltjes measure p

03 for Gy = fooo dt p(t)/(t +x)
atA=-0.1

021

@ measure for Gy has mass gap [0, 1], but no further gap
(remnant of UV/IR-mixing)

@ absence of the second gap (usually ]1, 4[) circumvents triviality
theorems
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Summary

(1 ) A¢3 on nc Moyal space is, at infinite noncommutativity, exactly
solvable in terms of a fixed point problem

o theory defined by quantum equations of motion
(= Schwinger-Dyson equations)
e existence proved for —1<A<0
e phase transitions and critical phenomena
© Projection to Schwinger functions for scalar field on R*
= hidden noncommutativity
o full Euclidean symmetry (completely unexpected)

@ no momentum exchange (close to triviality),
possibly a consequence of integrability

@ numerical approach with tiny error: leaves no doubt that
Schwinger 2-point function is reflection positive for f%<)\§0
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Summary
°

Summary

(1 ) A¢3 on nc Moyal space is, at infinite noncommutativity, exactly
solvable in terms of a fixed point problem

o theory defined by quantum equations of motion
(= Schwinger-Dyson equations)

e existence proved for —1<A<0
e phase transitions and critical phenomena

© Projection to Schwinger functions for scalar field on R*
= hidden noncommutativity
o full Euclidean symmetry (completely unexpected)

@ no momentum exchange (close to triviality),
possibly a consequence of integrability

@ numerical approach with tiny error: leaves no doubt that
Schwinger 2-point function is reflection positive for f%<)\§0

© ready to embark on higher Schwinger functions
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