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Introduction
Basic observation on the P(y)2 model on the de Sitter space:
Fix a wedge Wh, let
Ao (W) = algebra for W in the free theory,
Q = interacting vacuum vector (which lies in Fock space),
Us(R) = free representation of the rotations SO(2).
The triple (A, (W), Q,Us) fixes
@ The representation of the Lorentz group

(Boosts — modular unitary group)
@ the entire net O — A(O) of the P(¢)2 model.

Conjecture

1. Start with a triple (A.(W1),Q, Us), where Q is any vector in Fock
space satisfying certain specific conditions: Allows construction of a
representation of the Lorentz group and of some interacting model.

2. Such models can be carried over to R'*! by considering the limit of
infinite radius.

v
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Geometry
@ De Sitter space
dS={z eR"? |z 2 =2f 2] —23=-1}
@ Wedges: Wi = {z € dS | 21 > |zo|},

W = AW, A € 50(1,2).
@ Boosts and reflections:

cosht sinht 0
Ai(t) = | sinht cosht 0], Aw(t) = AN (1A
0 0 1
-1 0 0
o=l 0 -1 0], Ow = AOAT
0 0 1
@ We have

AW =W, teR,
@WW = WI.
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@ Rotations:

1 0 0
Ro(a) = |0 cosae —sina |, a€l0,2m).
0 sina cos«

@ “Euclidean sphere”

dS® > % = {(izo, z1,79) € C'7? | af + 2] + 25 = 1}
S*NdS =S" = {(0,21,22) € R™? | 2 + 23 = 1}
= {(0,cos¢,sinv) |9 € [-m,7)}
cosf) —sinf

A1(i0) = R1(0) = | sinf  cos@ , 6€l0,2m).
0 0 1

(6,%) are coordinates on S2.
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De Sitter models

‘H = Hilbert space,

U = (anti-) unitary representation of SO(1,2) in H,
Q = U- invariant vector in H,
A: O — A(O) family of v. Neumann algebras in B(#).

The quadruple (#,U,Q, A) satisfies the Haag-Kastler axioms if

Isotony:
Locality:
Covariance:
Cyclicity:

Jens Mund (UFJF)

AO) C AOy) it O1C Oy
A(O1) C A(02) it Oy C O
UMNAOU(AY) = A(O)

Q is cyclic for each A(O).
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De Sitter models

‘H = Hilbert space,

U = (anti-) unitary representation of SO(1,2) in H,
Q = U- invariant vector in H,
A: O — A(O) family of v. Neumann algebras in B(#).

The quadruple (#,U,Q, A) satisfies the Haag-Kastler axioms if

Isotony:
Locality:
Covariance:
Cyclicity:

AO) C AOy) it O1C Oy
A(O1) C A(02) it Oy C O
UMNAOU(AY) = A(O)

Q is cyclic for each A(O).

It satisfies modular covariance if for any wedge W the modular data
Jw, Aw of (A(W),Q) are related to U by

Al =U(Aw(=27t)), Jw =U(Ow).
Q = KMS (27): Geodesic KMS condtion of Borchers and Buchholz.

Jens Mund (UFJF)
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Free theory

Single particle space:

§ = completion of C>°(S) w.rt. ||n[|Z = (h, ;UJh)Ll(Sl),
w = pseudo diff. operator.  Irrep. of SO(1,2):

(R)f Rf Re SO(2)orR= P,
u(T)f
U(Aw(t)) - 6—27rith’ lW1 = (0 COS.

H=T(5H), Us(A) =T(u(A)).

As(W) = Weyl{ f : w(©Ow)e ™ f = f}
A(0) = [ A(W)

Wo0

Modular unitary group of (Ao (W1),):
A% = U, (Ay(—27t)) = elthe
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Euclidean free theory:

H7'(S?), Hf”f:j =(f.(-A+ mz)‘lf)LQ(Sz). Contains § :

12

§=

H={feH: suppfc S}t cH

H=T(H) 2% H  ar=Adl(R.), ReO(3)
e e BgF Qo = Eydig, (9 F o

Euclidean fields: For f € $ real valued, ¢(f) = [ d(z)f(x) o(x)
generate abelian algebras.
Time-zero fields: #(0,) exist, ¢ € S P(0,9) = ap, o) (4(0,1)).

Wick monomials: : ei(/); = ¢i@()=I/11?/2,

2" (f) = /52 dQ(x)f(z) : ¢"(x) : well-defined,
2
= / df / d¢cos¢f(9,¢)&31(9)( RO (0,¢)).
0 St
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Modular perturbation theory
R = A.(W7) of free model,

Q, = free vacuum, A% = ¢itl= = modular group for (R, Q).
Free dynamics : Ad eitle. (Qo,- Qo) is (—1)-KMS.
GivenV =V*eR, H=L.,+V.

[Araki, Dyson, Schwinger]

Interapting dynamics : Ad ™ . Has unique KMS (vector) state (.

Let A# = ¢itl = modular group for (R, ),
A = relative modular operator, Vi =

d (2 —1
Vi = i AAT
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Modular perturbation theory
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Q, = free vacuum, A% = ¢itl= = modular group for (R, Q).

Free dynamics : Ad eitle. (Qo,- Qo) is (—1)-KMS.

GivenV =V*eR, H=L.,+V.

Interacting dynamics : Ad ™ . Has unique KMS (vector) state (.

Let A# = ¢itl = modular group for (R, ),
A = relative modular operator, Vi =

[Araki, Dyson, Schwinger]

relative Hamiltonian:

LN x C g
Viel = d —A é|A t‘t 0’ Arg = SreISI’eh Srel AQdo = A™Q, A€R.
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A = relative modular operator, Vi =
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relative Hamiltonian:

) d it A—i « C Ak
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Theorem [Araki, Dyson, Schwinger,...]:

1/2
0=l =T exp{ [ ds eSL"Ve_SL"}” 0y € PR, D),
0
AL =t Ade™ = Ade™ on R,
Vel =V, L=H-JvJ.
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Free dynamics : Ad eitle. (Qo,- Qo) is (—1)-KMS.

GivenV =V*eR, H=L.,+V.

Interacting dynamics : Ad ™ . Has unique KMS (vector) state (.

Let A# = ¢itl = modular group for (R, ),
A = relative modular operator, Vi =

[Araki, Dyson, Schwinger]

relative Hamiltonian:

) d it A—i « C Ak
Vrel = d —A é|A t‘t 0’ AreI = SreISI’eh Srel AQ, = A 97 AeR.

Theorem [Araki, Dyson, Schwinger,...]:

1/2
0=l =T exp{ [ ds esLove—SLo}" 0y € PR, D),
0
AL =t Ade™ = Ade™ on R,
Vel =V, L=H-JvJ.

Note: 1-1 relation Q < VI

Jens Mund (UFJF) Algebraic Construction of Quantum Theories Miinchen | 09.10.2015 8/15



P(¢) model: An algebraic look.
I_;_inﬁSl, S+i{$€d51"1}0>0}

V= / dipcost) = " () 1 Q= EpQ where

Iy

Q= exp{ — /0” d&de(Q)(V)}QO =exp{— /S+ dQ(z) : ¢"(z) : Q%

Lemma: © is the KMS state for Ad e, with H = L, + V, and all

relations from Araki’s theorem hold.
Theorem

The modular unitary group A™ for (A.(W1), ) and the free

representation U, (50(2)) generate a representation U of SOy(1,2).

Proof: Calculate At

rel?

A" explicitely:
e_GLE()FQ = EO&Rl(g)FQ.

Use manifest O(3)-invariance of exp { — [ dQ(z) : ¢"(z) : }
Construct “virtual representation” of SO(3) [Frohlich et al.]
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Construction of the P(¢) model:

@ for the wedge W1, set A(W7) = A, (W) ;

o for an arbitrary wedge W, set

AW) = UN)AW)UA)E, W =AWy
@ for a double cone O C dS, set
A0)= (] A(W).
ocw

Satisfies isotony, locality, covariance.
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Construction of the P(¢) model:
o for the wedge W7, set A(W7) = A,(W7) ;
o for an arbitrary wedge W, set
AW) = UN)AW)UA)E, W =AWy
@ for a double cone O C dS, set
A0)= (] A(W).
ocw

Satisfies isotony, locality, covariance. What about cyclicity?
Consider double cones of the form I”, I ¢ S*.

Conjecture
A(I") = As(I"). (Then (H,U,Q, A) satisfies all Haag-Kastler axioms.) J

Proof: “Finite propagation speed” argument.
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Construction of the P(¢) model:
o for the wedge W7, set A(W7) = A,(W7) ;
o for an arbitrary wedge W, set
AW) = UN)AW)UA)E, W =AWy
@ for a double cone O C dS, set
A0)= (] A(W).
ocw

Satisfies isotony, locality, covariance. What about cyclicity?
Consider double cones of the form I”, I ¢ S*.

Conjecture
A(I") = As(I"). (Then (H,U,Q, A) satisfies all Haag-Kastler axioms.) J

Proof: “Finite propagation speed” argument. A € A,(I"), I C Wq:
eitLo eitVAe—itV e—itLo c Ao(Al (t)[”) C Ao(]{l), I C It C Wl
€ As(I") since V. =V; + Vie, Vs € Ag(I"), Vie € Ao(I").
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General construction of dS models.

The P(¢) model can be reconstructed entirely from (the free field and)
the interacting vacuum vector Q! (Since (2 fixes V.)
Relevant properties: 2 is

@ cyclic for A, (W)

@ in the natural positive cone P(A,(W7), )

@ invariant under time-reflections and the group of rotations (for the
free field).

Conjecture

Let Q2 be any vector in Fock space satisfying the above conditions.
Then a representation of the Lorentz group and a net of local algebras

can be reconstructed from A,(W1), Us(SO(2)) and 2 as in the P(¢)
case.
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From de Sitter to Minkowski Space
Geometry

dS") = {z e R™? | 22 — (#1 —1)? — 22 = —r?} C R'*?
2 R 5w ¢ ds™  conformal equivalence

00)

2(>®) = canonical embedding R'*! < R x {0} x R ¢ R'*2
E(1,1) — Iso(dS™) = SO(1,2) group contraction
g g™y g =g

Unitary irreducible representations. Our reps u = wuy,,. , m,r > 0, of
S0y(1,2) can all be realized on a common Hilbert space

dk dk
= 2R, — ) ® L*(R, — = 9, DH
9 ( 2 k2—|—m2) ( 2 k2+m2) *
Umr(g(r)) T—>_>OO Um(g), where Um = Um + ® U —

is a reducible representation of Ey(1,1) [Mickelsson& Niederle].
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Free fields (dS to M)
For O c R, f € C5°(0) and p € 9V, let

1 .
N . () —5+tmr
f”(p):/ dptys0 f(t:q) (#ﬁ ’ c 9.
ds(r)

m

S

Lemma (Bros, Moschella)
Let 0 = 20 and let A7) (O™) be the local algebra in the free
dS") theory.

) AD(O") = Weyl {f7) | f € C(0)}

(i) f =% f = Fourier transform € $, & {0} C .

Recall that for the free Minkowski theory
A (O) =Weyl {f | f € C5°(O)}. We therefore have:

n

A,(0) = { lm VO(fO) | fe G0}
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Interacting fields (d.S to M)

We have for every r > 0 a dS model: Q), U (SO(1,2)), AT (OM)

acting in ‘H. Consider scaling algebras

AO) = {A:r AV € AN(©ON)}
%(A) = U(r)(g(r)) A U(r)(g(r))—l’ g€ E(1,1)
w, (4) = (Q(T)7A(T)Q(T))‘

=r

Let w., be a w* accumulation point of (w,.),~0, with GNS triple
(#,,Q). Define for O c R+

A(0) = m(A(Q)), agm(4) = 7(ay(4))
Conjecture

The so-defined net satisfies the HK axioms, incl. the spectfrum
condition, except cyclicity for the local algebras.

Jens Mund (UFJF) Algebraic Construction of Quantum Theories Miinchen | 09.10.2015

14/15



Conjecture (Non-triviality)
Assume that for all A € A.(O) = Weyl {V (f) | supp f € O} the limit

w®(4) = lim (™), 40™)

r—0

exists and that, again for supp f € O,

W (V(f)) = lim (Q0), vO(F)00)

r—0

Then A(Or) = A,(Or) whenever Oy is based on the time-zero line,

and w® is locally normal w.r.t. the Fock representation of the free field.
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